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1.0 Introduction 

In ref.l Davis and Putnam present a computational 
proof procedure for quantification theory which they suggest 
might he applied to obtain proofs in mathematical domains. 
In refc2 they give a finite axiom system for elementary 
number theory with the aim of applying the computational 
proof procedure to it. In ref^ 3 Wang points out that aa.it 
stands this procedure would be far too inefficient to prove 
nop trivial theorems and discusses how it might be made more 
efficient •■ In this note we will indicate that even the type 
of modification that Wang considered; would not be sufficient to 
enable the system to prove non trivial theoremso 

1.1 The Computational Proof Procedure 

Since a complete presentation is given in ref.l only 
a sketch will be given .here* A w.f .f , : R la proved by showing 
that ^»R is inconsistent. *R is first put into irencx normals, 
form with the quantifier free part in con4unotive normai'foiNn. 
Then existential quantifiers are replao^ by f ^ 
Then by substituting various constants for the yariablas. in 
the canonical form of a/R a sequenca of lines is .generated^ \ For 
example, the lines generated from (x^-ixj) R^yf (x^)^) would be 
>''■. R(a,fa,a) .v.: • : ' ;•';■'..' , ^■%-' '' 

R(a,fa,faJ /''"•';■'.''/■■■'■. 

R(fa,ffa,a) 

R(fa>ffa;fa) etc. 
Then a scheme is given which determines .(leth^r a given finite 
set of lines is inconsistent or not. Lines are generated until 
a set is found which is inconsistent In which case the' thjtorem 
is proved >'.-■('■. - : "' 

1*2 The Axiom System for Number Theory. 

The non logical constants, are as follows: 
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Individual aj/wbal**: , ^^^^^^■^■^■■■:\ 
Binary predi^at»# ayid>Q|*f '^Ip :; ^''Vi^li^y 
Singularly £ unctlfcn ■' symbols ^^|j^^feti|i|^ : 
Binary function syBtoSsV -fmWM 
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Moreover there are four variables to be substituted for so 
that using only those of type U(c) there are 30 possible 
choices* those of type U(U(C)) there are (l80) 4 possible 
choices} etc. We will later show that to prove 
(y) (1+y-y+l) we require the set P 2 ((<rA (Nx(llxN))M6) which 

is of type 

U(U(B(B(C,B(C,B<C,C))) # UCC))<, At this level there are of 
the order of 10*° choices which Is of the same order as the 
number of «*>ve choices in checkers. 

Now it has been suggested that by using some heuristic to 
generate only those terms which satisfy some criterion of usefulness 
Such as using the functions appearing in the statement of the 
theorem or using Wang's method of sequential tables that the 
choices could be reduced to a manageable number . However for 
any simple minded scheme it is not difficult to show that the 
kind of exponential growth illustrated above is encountered. In 
the next section we will indicate a stronger result- In 
particular, we will consider the number of terms of the Davis 
Putnam system that occur when an informal proof is formalized in 
a minimal way in the system. Such a formalization of an informal 
proof is certainly more efficient than the above system of 
generating terms even with a very clever heuristic selection 
sch,eme» 
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• Let us first examine the .appe^anee; 
the finite axiom scheme* Cofi*td«r t^i? 

xtN^R(x). 
Stepl?; ' Show that there exists a set S such that 

x*S iff R{x). 
© ogo If R(x) is x*l*l4 Xthen Ji^C^rt 

Step 2. Show that l£s, that is Il(l4<> 

Step 3» Show «^'x'ijS^.3B4^#^ilii*^ 

that Rfx) implies R{x+l-).< 

Step 4, Then by the induction axle* 

that is, if x£n then x^Sj th# is, ll 

Note that the induction step is 

can be obtained by direct substitution 

that is, a counterexample to the negatio: 

substitution into the axioms. 

Example. Some of the ^ij^^we^^iSi: 

be obtained by direct substitution in 

Proof of x*y4* z«y%x««. 



of a simple proof in 

ie the proof of 



i£H then R(x). 
unless the theorem 
one or more axiom, 
can be obtained by 
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low as will ever toe ®ocouR&e?&! in a proof involving 
one induction step* 

However most theorems are not thia simple* In particular 
the steps R(x)sfrR(x+l) often cannot be cfotained by substitution 
in the axioms „ Por example, the step R(x)^R(x+l) of many 
theorems will require the result x*l*l*x» In general we wili 
have a chain of theorems: 

R(x). 



R(l) 



\ 

R{x) *% R(x+l) 



Q'« (1) <*» (x)*%» |»a)»Q 4 (x) 



/> 



QrJ*) Wq?(x+1) 
where Q n (x)^Q n (x+l) can be proved by substitution in the axioms. 

For difficult theorem this may not lead to a Q^x) 
whose base steps can be proved bar substitution in the axioms.. 
In this case it may be necessary to partition the theorem into 
parts. Por example, to prove that g(x)*li{x) it may be 

k ■.■::■■■• '■' .■'.."'. ' -. 

_ . . t ...... .._ •■.,... - • 

necessary to prove 8(x)^^tx'^2(9)^>''*-^i|^CK : )^i'(x)* 
Example Consider the informal proof of 



l 2 +2 2 *3 a *o * .»r 2 «r(r+i; 



To prove R(rl<9R(*4>X) we prove the chain of equalities 
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We can consider the theorems <£*(&& theorem which 
logically preoeed R (x ) • Another of the sources of Inefficiency 
of this syatem is that a complete proof :; <*f. all the theorems 
which "logically preeeed R(x) must be included In a proof of 
R(x). To see how inefficient fehia is consider a sequence of 

theorems Tx» T 2» * a * in whicn T n U the °^ l^ c ^ 
predecessor* of a^. If *^g& m i ****** lines, then f R 

would require K lines in a logic theory type system if T n were 
a previously proved theorem, but in the Davis Putnam system 
would require nK lines. The number of lines required for the 
proofs of the first n theorems would t&enfnK for a logic theory 
type system and n(n»l)IC for a Davis Putnam system, 
Hc.B» What is meant by a logic theory typi system is the Davis 
Putnam system modified so that when a theorem is proved it is 
added to the list of axioms « Of course t^en the amount of time 
spent scanning the axioms becomes a serious problem as in the 
original studies of the logic theory machine* 

Hext consider the case in which we wish to prove T when T 
has two "immediate logical predecessors" *hish in turn each have 
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two "immediate logical predecessors" and jio on* Immediate 
logical predecessors are those arising in the first partition 
level, I.e. Q ? ^x),..»,Q 1P l/ x w *&«** |p» 1» coi»idered to 
be the main lemmas used in the proof of the theorem. 1?he 
following three structure is t^e exhibiiid:-- 

■t ■ -'■■■ft:'. '■ ■ 



*2 
*2i *22 



T ll T 12 
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222 



etc? 

• •.■ : . ■ •■■'.••■ i;'j_ '*-: . 

If there are n such levels and i&ume that 



T«(2 4 T^ 1^&< requires K lines, 



will require n(n+l)k 

ft;:':- ■ Z ■ ■ 



logic theory typ* 
,, only K 
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lines in the Davis Putnam system. In 

system if T^ and T g were prevleflSli^ 

lines would be required. ^■'■■tti^jm^^i'$0^ptCL processors at 

each level the number of ter#-:;§i* )^f^^00^- ^^.100^6 -imx^^- 

with n 3 where n is the number ■'# ^la^sl^l^^so'on. 

So far we have restricted [ K>siamm^^' '^8^ *» which 
there is induction on only oae va^ 
of R(x|, •••.,X| | ) of n variables. 
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If we have "R(x 19 . <.«**, ] and assume that each step in the tree 
takes K terais In the Davis Putnam ajrsl^i, ^n H ($]>"«»*i|V,<; 
will require (2 1 *-! )K terras excluding the proofs of the last 
line of 2° stateaentSa 

Now consider the n variable case when at each level there 
are 2 logical predecessors of the sen© type, that is with the 
sane number of variables. 

We obtain a tree of the for»i~ 
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where the integers at the vertices Indicate the number of subf- 
theorems in the partition at that leyeli,i*#* the number of t 
independent copies of the structure below $M appearing in 
the coa5>lete structure-, 

For example. if -as in the above tree there are two sub- 
theorems at each level, instead of (Q -1)X tenas, 
terras would be requiredo 
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Example » ' Consider the theorem? pis -a pjfjj£te and plab, then 

pla or plb» 

The canonical representation t© 

(Axiom System 1 t^ix^x^x^^^t^x^^pX^ 

***? ^la'^ + kicr 1 ^^^!^ 

where ^•f^^i.Xg^x^^xg,^,^^^*^^)- ,'..■■■; 
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Shis requires induction on the ftv© variables X0*Xq* 
x 10**ll**12° Assuming the tre^, ^s|^i^^^5^iWn«d in the last ;;■; ; 
paragraph and letting K»100 '|# ;%aGp^e^||^. f igure ) . the number 
of terms required would be -of ; : :the ;;ord6rW; : ;10^» ■;: However. -the 
tree structure for this '.tfteoitf ;j^ : . p^ 
than we have assumed so that this oo low. 

Nevertheless, lCr terms is too ;-.i«^:;te^l^^j^oti<^ as a 
counterexample in contemporary -mwihifrefiff*^^ 
Putnam systems* Further analysts of sg|§iJ!*c theorems will 
be carried out in another paper* 

•She tree structures which would 1^ ^encountered in practice 
would be much more complex than those studied above. Hence it; 
seems clear that as the theorems become even moderately difficult 
the minimal Davis Putnam oountiiixjp!^ 
theorem be'coropR too long to be of practical us ft*. 
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4c Conclusions 

Hence we see that even a formalization of $n Informal 
proof becomes excessively long* As mentionned above we cannot 
expect the generating procedure even with a clever heuristic 
selection criterion to do better than this. The essential 
weakness of the system is that in proving any particular theorem 
it must also prove every theorem which logically precedes it . 
•Shis is in contrast to Informal mathematics or systems like the 
logic theory machine In which previous theorems may be referred 
to„ This suggests that this system might be modified to add to 
the list of axioms those theorems that have already been proved 
and to use an appropriate metath&orem,, Then in formalizing a field 
such as number theory it would m&rely be necessary to prove theorems 
in the right order to avoid excessively long proofs. But even 
then -there is a difficulty in proving theorems whose informal 
proofs are hot known, ffee only way to make this problem 
correspondingly feasible would be to get an informal plan but 
this is of course equivalent to proving the theorem informally • 
When the Davis and Putnam system was first studied it was 
suggested that it might be able to ®tt a proof for difficult 
theorems such as Fermat^s last theorem, . However* what we have 
^en saving above is that to prove any but the most trivial 
theorems we. require some heuristic planning scheme . .' But this is 
equivalent to obtaining an informal proof by a system of the type 
of the logic theory machine and thus if we cannot prove a theorem 
informally by a heuristic problem solving program it is extremely 
doubtful if we can obtain a proof in a feasible length of time by 
falling back on a formal pseudo decision procedure. 
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